The main objective of this paper is to present sufficient conditions for controllability of Hilfer fractional nonlinear stochastic systems in finite dimensional space. The main results are obtained by using the Nussbaum fixed point theorem, stochastic analysis approach and generalized fractional calculus (Hilfer fractional derivative) which is universality of Riemann-Liouville and Caputo fractional derivative. Finally, a numerical example is provided to show the effectiveness of the obtained theoretical result. The obtained result is more generalized one than the existing results on fractional stochastic system in finite dimensional space.
dielectric relaxation in glass forming materials, polymer science, rheological constitute modeling, engineering, etc. Existence and uniqueness of Hilfer fractional derivative have been proved in [2] . Existence of mild solution for evolution equation with Hilfer fractional derivative has been studied in [3] . A new representation formula for the Hilfer fractional derivative and its applications has been investigated in [4] .
The concept of controllability plays crucial role in the progress of modern mathematical control theory. There are major relationships between observability, controllability, optimal control, and stabilizability in both finite dimensional and infinite dimensional control systems. The controllability for a class of fractional-order neutral systems has been studied in [5] . On the approximate controllability of fractional evolution equations with generalized Riemann-Liouville fractional derivative have been analysed in [6] . The sufficient conditions for approximate controllability of semilinear Hilfer fractional differential inclusions with impulsive control in Banach spaces have been established in [7] . Recently, Kalmka [8] investigated the controllability problem of neutral equations with Nussbaum fixed-point theorem in finite dimensional space. Some sufficient conditions for the controllability of retarded semilinear fractional system with non-local conditions by using compactness of nonlinear functions have been obtained in [9] . Approximate controllability of Hilfer fractional differential inclusions with nonlocal conditions has been proved in [10] .
Stochastic features are introduced into the mathematical model simply to take account of imperfections (approximations) in the current specification of the model, but there exists a version of the model which provides a perfect explanation of observation without redress to a stochastic model. Approximate controllability of semilinear fractional stochastic system with nonlocal conditions have been analysed in [11] . Controllability of semilinear deterministic and stochastic evolution equations have been analysed in [12] . Stochastic controllability of linear systems with delay in control has been studied in [13] . White noise functional solutions for Wick-type stochastic fractional KdV-BurgersKuramoto equations, exact solutions for stochastic fractional Zakharov-Kuznetsov equations and exact solutions for KdV-Burger equations with an application of whitenoise analysis have been proved, respectively, in [14] , [15] and [16] . Controllability of fractional nonlinear stochastic integrodifferential systems in finite dimensional space has been proved in [17] . Approximate controllability of impulsive Hilfer fractional differential inclusion has been analysed in [18] . Muslim et al. [19] studied the exact and trajectory controllability of second-order evolution systems with impulses and deviated arguments. Sakthivel et al. [20] derived the approximate controllability of fractional stochastic differential inclusions with nonlocal conditions. However, to the best of authors knowledge the results on controllability of nonlinear Hilfer fractional stochastic system in finite dimensional space have not yet been studied. Many of the researchers in [21] [22] [23] [24] [25] have been expressed the controllability results by the well-known definitions of fractional derivatives defined by Caputo and Riemann-Liouville sense. The univerasality of RiemannLiouville of fractional derivative and Caputo fractional derivative is Hilfer fractional derivative. The proposed work on the controllability of nonlinear Hilfer fractional stochastic system is new and more general than the existing results in the literature.
The primary contribution and advantage of this paper can be foreground as follows: (i) The Hilfer fractional nonlinear stochastic system is investigated under the suitable sufficient conditions that for the corresponding linear system is controllable; (ii) Hilfer fractional differential equation and controllability Grammian matrix which is formulated using Mittag-Leffler matrix function are employed to derive the sufficient conditions in stochastic settings to guarantee that the Hilfer fractional stochastic system (1) is controllable; (iii) A numerical simulation is given to verify the proposed theoretical results; (iv) The main advantage of the aimed technique relies on Nussbaum fixed point theorem with suitable hypotheses. This paper is formulated as follows: In Section 2, we will present some basic fractional operators and special functions. In Section 3, the solution representation of linear Hilfer fractional differential equation and also the respective controllability result will be discussed. In Section 4, by applying fixed point theorem and hypotheses, some suitable sufficient conditions are established for the system (1) to be controllable. In Section 5, a numerical simulation is demonstrated to show validity of the theoretical results. In Section 6, conclusion is drawn.
Notations: Throughout this paper, let (K, F , P) denote the complete probability space with a probability measure P on K and w(t) = w 1 (t), w 2 (t), ⋯, w n (t)
* be an n-dimensional Wiener process defined on the probability space. Let {F t |t ∈ J 1 := [0, b]} is the filtration generated by {w(s) : 0 ≤ s ≤ t} defined on the probability space (K, [26] 2 System description and basic concepts
Consider a nonlinear Hilfer fractional stochastic system in the following form
where
0+ is the Hilfer fractional derivative of type 0 ≤ ! ≤ 1 and of order 0 < " < 1, A and B are n × n and n × m matrices respectively, x ∈ R n and u ∈ R m are the state and control vectors respectively. The nonlinear functions f : J 1 × R n → R n and 3 : J 1 × R n → R n×n are continuous. Define
be the Banach space of continuous maps from J 1 into the complete probability space L 2 (K, F t , R n ) with norm
satisfying the condition sup 
The generalized Riemann-Liouville fractional derivative of type 0 ≤ ! ≤ 1 and of order 0 < " < 1 with lower limit a is defined as
for function such that the expression on the right hand side exists.
Remark 2.5. (i) The operator D !,"
a+ also can be written as
(ii) When ! = 0, 0 < " < 1 and a = 0, the Hilfer fractional derivative corresponds to the classical Riemann-Liouville fractional derivative:
(iii) When ! = 1, 0 < " < 1 and a = 0, the Hilfer fractional derivative corresponds to the classical Caputo fractional derivative:
Definition 2.6. [28] A two parameter function of the Mittag-Leffler type is defined by the series expansion
The most interesting properties of the Mittag-Leffler function are associated with their Laplace integral
.
That is
Solution representation
In the finite dimensional space R n one could write the solution of linear integer order differential equation by using the fundamental matrix. Mittag-Leffler function naturally occurs as the solution of fractional order linear differential equation with constant coefficients just by means of the exponential function arises as solution to integer order differential equations. In a similar way while extending to fractional differential equation one can use Mittag-Leffler functions
while writing the solution of the following linear fractional differential equation
Let us consider the linear Hilfer fractional control system which is represented in the following form
where x, u, A and B are already defined and f : J 1 → R n and 3 : J 1 → R n×n . In this paper, the generalized fractional derivative known as Hilfer fractional derivative of type 0 ≤ ! ≤ 1 and of order 0 < " < 1 has been used in which case the two parameter Mittag-Leffler function described in Definition 2.6 is used. The details of derivation of solution are given below
The linear Hilfer fractional stochastic system (2) is equivalent to the following integral equation
Applying Laplace transform on both sides, we get
Taking inverse Laplace transform on both sides, we have
Similarly, one can easily expressed the solution for the nonlinear system (1) in the following form 
Then the operator I 1 + I 2 has a fixed point in S.
Lemma 2.9. [12] Let
for all t ∈ J 1 and p ≥ 2 whereM 3 is the constant in p and b.
For convenience, define the following constants
Let us assume the following hypotheses hold for further discussion:
(H1) The nonlinear functions f and 3 are continuous and satisfy the linear growth condition, that is there exists
for all t ∈ J 1 and all x ∈ R n . (H2) The nonlinear functions f and 3 are continuous and satisfy Lipschitz condition and ∃ constantsL,M > 0 for x, y ∈ R n and t ∈ J 1 such that
(H3)
(H4) 
is positive definite for some b > 0.
Proof. Since W is positive definite, then it is nonsingular and hence W -1 is well defined. Define the control function corresponding to the system (2)
Here * indicates the matrix transpose. Further, observe that the control (5) steers the system (2) from the initial state x 0 to the final state x 1 . Substitute t = b in (3) with the above control function (5) we get,
Thus the linear stochastic control system (2) is controllable on J 1 .
On the other hand, if it is not positive definite, ∃ a nonzero y such that y * Wy = 0, that is
Then ∃ a control input u such that it steers x 0 to the origin in the interval J 1 . It follows that
But the second term
Since y * E "," (A(b -s) " ) = 0. Hence it leading to the conclusion that y * y = 0. This is a contradiction to y ≠ 0. 
Proof. Define the operator I : Q → Q by (Ix)(t) = E ",!(1-") (At
Now, we define the control corresponding to the nonlinear system (1) as
Now substitute the above control in (6) and put t = b, we get
3((, x(())dw(() ds F s (s)ds
+ b 0 (b -s) "-1 E "," (A(b -s) " )f (s, x(s))ds + b 0 (b -s) "-1 E "," (A(b -s) " ) × s 0
3((, x(())dw(() ds
= E ",!(1-") (Ab " )x 0 + WW -1 x 1 -E ",!(1-") (Ab " )x 0 - b 0 (b -s) "-1 E "," (A(b -s) " ) × f (s, x(s))ds - b 0 (b -s) "-1 E "," (A(b -s) " ) × s 0
It means that the control u steers the system (1) from the initial state x 0 to x 1 at time b provided that W is positive definite or the linear Hilfer stochastic system (2) is controllable on J 1 . In order to apply Lemma 2.8, decompose I into the mappings I 1 and I 2 as follows:
3((, x(())dw(() ds F s (s)ds and (I 2 x)(t) =
t 0 (t -s) "-1 E "," (A(t -s) " )f (s, x(s))ds + t 0 (t -s) "-1 E "," (A(t -s) " ) s 0
3((, x(())dw(() ds.
Define the set B 1 ={x ∈ Q : x 2 Q ≤ 1}. Obviously B 1 is closed, bounded and convex subset of Q. ◻
Step 1. To claim that there exist a positive number 1 such that I(B 1 ) ⊆ B 1 . If this is not true, then for each positive number 1 there is a function
On the other hand, we have
Using the assumption (H1) and (4), one can compute the second term in (7) as
By (H1), the third term in (7) is
and by (H1) fourth term in (7) is given by
Therefore (7) becomes
Dividing on both sides of the by 1 and taking limit as 1 → ∞, we get
This contradicts with the condition (H3). Hence for some positive number 1 > 0, I(B 1 ) ⊆ B 1 .
Step 2. We show that I 1 is a contraction mapping on B 1 . For that, x, y ∈ B 1 then for each t ∈ J 1 we have,
Taking supremum over t ∈ J 1 ,
By the hypothesis (H4), we have
Hence I 1 is a contraction mapping on B 1 .
Step 3. We prove that I 2 is continuous mapping on Q. Let {x n } in Q, which converges to x. From (H3), the continuity of f and 3, we have
3(t, x n (t)) → 3(t, x(t)).
Using Lebesgue's convergence theorem
Step 4. To prove that I 2 maps bounded sets into equicontinuous sets of Q.
The right hand side of the above inequality tends to zero as t 1 → t 2 . Hence I(B 1 ) is equicontinuous.
Step 5. We show that Y = {I 2 x(t) : x ∈ B1} is precompact in Q.
Let t > 0 be fixed and {I 2 x n (t) : x n ∈ B1} be a bounded sequence in B 1 . Since x n ∈ B1, {x n } is a bounded sequence in Q. Thus for any t * ∈ J 1 , the sequence {x n (t * )} is bounded in Q.
Since f and 3 are compact, then it has a convergent subsequence such that
) and
Using bounded convergence theorem, we obtain (I 2 x n )(t) → (I 2 x)(t) in B1. This proves that I 2 is compact operator. Thus all the conditions of Nussbaum fixed point theorem are satisfied. Therefore I 1 + I 2 has a fixed point x(⋅) in B1, which is a solution of the nonlinear Hilfer fractional stochastic system (1), and it is easy to verify that x(b) = x 1 . Further, the control u(t) steers the system (1) from x 0 to x 1 on J 1 . Hence the system (1) is controllable on J 1 . [8] by using Nussbaum fixed point theorem with necessary assumptions on nonlinear functions. In [9] , the authors have been established sufficient conditions for controllability of retarded semilinear fractional system with non-local conditions. Existence of mild solution of evolution equation with Hilfer fractional derivative which generalized the famous Riemann-Liouville fractional derivative has been investigated in [3] . Sufficient conditions for approximate controllability of semilinear fractional stochastic control system have been obtained in [30] . New [7] and with impulse in [18] 
Remark 4.2. Some sufficient conditions for controllability problems of deterministic neutral ordinary differential equation have been investigated in

Example
The Hilfer fractional stochastic models of real systems are regularly more adequate and used for the better characterization of the materials. One can create a new mathematical model to describe the nonequilibrium in time dynamics of filtration process in a fractured porous medium. The main application-oriented filtration model activity of fractured porous formations could be modelled by the following abstract formulation of (8) under study is quite general due to using the concept of Hilfer fractional derivative, which is a generalization of the Caputo and Riemann-Liouville derivatives (see [1, 23, 24, 27, 28] (8) where ! = 1; " = 1 2 . The above equation can be rewritten in the form (1) with .
Under suitable substitution A, B, f and 3 one could write the (8) into abstract formulation of (1). The Mittag-Leffler matrix function of the systems is given by
Now the controllability Grammian matrix is described as below: , is positive definite for any b > 0. Therefore, the corresponding linear system of (9) is controllable on [0, 2]. The control trajectories and steering control are computed by using Matlab and shown in Figure 1 . Further, the nonlinear functions satisfy the assumption (H1). That is, f (t, x(t)) 2 ≤ 144 x 2 and 3(t, x(t)) 2 ≤ 25t 2 x 2 e -2t (1+t) 2 for all x ∈ R 2 , then by Theorem 4.1, the system (9) is controllable on [0, 2].
Conclusion and future directions
In this paper, new sufficient conditions have been established for the controllability of nonlinear Hilfer fractional stochastic system by using Nussbaum fixed point theorem and under the proved results of the corresponding linear Hilfer fractional stochastic system is controllable. Finally, a numerical simulation is given to show the effectiveness of the obtained theoretical results.
Impulsive differential equations, involving impulse effect, appear as a natural description of observed evolution phenomena of several real world problems. However, the situation is quite different in many physical phenomena that have a sudden change in their states involving in mechanical systems with impact, population dynamics, theoretical physics, control theory, engineering and so on. Inspired by the applications, we deserve to study the qualitative behaviours of impulsive Hilfer fractional stochastic systems in near future.
